
We wri te  out the express ions  for  the veloci ty  on the axis  of the jet:  

u , / U  = X2/S [1 + (t/8 - -  2a~lao)X-4/s], 

and also  for  the ve loc i ty  and f r ic t ion  on the separa t ion  boundary:  

u . / U  = X2/8[1 - -  (1/8 + 2a4/ao)X-4/Sl, 

"r. = - - 9 l ( U / a o ) X - t / s ( l / 2 )  [l + (aJao - -  A / 4 ) X - 4 / 8  ]. 

In the conclusion,  we point out that  for  an outflow of a heavy liquid downward the solutions wr i t ten  out 
will be valid for  Pl  > P~- and 

B = g  a~ PI~P,, 
~ I  U D1 " " 
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S T A B I L I Z A T I O N  OF S O L U T I O N S  O F  T W O - D I M E N S I O N A L  

E Q U A T I O N S  O F  D Y N A M I C S  O F  AN I D E A L  L I Q U I D  

G.  V.  A l e k s e e v  UDC 532.5 +517.9 

P rob lems  of solvabi l i ty  of  in i t ia l -  and boundary-va lue  p rob l ems  for  two-dimens iona l  nonsta t ionary Eu le r  
equations of dynamics  of an ideal liquid have been studied by many  authors .  A rev iew and the cor responding  r e f e r -  
ences  can be found, for example ,  in [1, 2]. However,  the p rob lem of asympto t ic  behavior  of the solutions of the 
Eu le r  equation as  t ~  co has  not been invest igated.  

This  is apparen t ly  explained by the fact  that the cor responding  boundary-va lue  p rob l ems  for a s t a t ionary  
Euler  equation do not pos s e s s  the uniqueness p rope r ty  of the solution. In addition, examples  exist  where  a 
s t a t ionary  boundary-va lue  p rob lem has a continuum of solut ions,  as ,  for  example ,  the p rob lem with the condi-  
tion of no leakage of the liquid through the boundary of a region of flow. To obtain any r e su l t s  about the a s y m p -  
totic behavior  in the case  of t--.~o of the solut ions of nons ta t ionary  in i t ia l -value  p rob lems ,  we have to single 
out a c lass  in which the co r respond ing  s t a t ionary  p rob l em has a unique solution (or a finite number  of solutions). 
One such c lass  was introduced in [3]. The s imp le s t  r e p r e s e n t a t i v e  of this c l a s s  is motion without vor t i ces .  In 
the p re sen t  paper  we p resen t  sufficient  conditions under which the solutions of two-dimens ional  Euler  equations 
as t- ,-  co tend to a potential  flow. 
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A 4  

A2 A5 
Fig.  1 

1.  F o r m u l a t i o n  o f  t h e  P r o b l e m  

Let  ~2 be  a bounded s i m p l y  connec ted  r eg ion  of  the  plane x =  (xl, x 2) with a p i e c e w i s e - s m o o t h  b o u n d a r y  F. 
F o r  the  sake  of  s impl i c i ty ,  we shal l  a s s u m e  that  the r eg ion  ~2 has the f o r m  of a c u r v i l i n e a r  f o u r - c o r n e r e d  
f i gu re  A1, A2, A3, A 4 wi th  the s m o o t h  s ides  AjAj +2, 1 _< j _< 4, A ~ A 1  (see Fig. 1), s o t h a t  F0=A~A8 [J Actx, Fa=A1AI, 

�9 & 3 

Fs=:A3A~, I ' s = O l A  j, 1 ~ = U F~. B y n = ( n l ,  n2)wesha l l  denote  the vec to r  of the inner  n o r m a l  to t hebound-  
�9 ~ i = 0  . . . . . . .  

a r y  at the p o i n t s - F ~ F n .  Le t  I t  = - { t E R [ T  <~ t < oc}, w h e r e  T is an a r b i t r a r y  nonnegat ive  number .  The 
bounda r i e s  AjAj+ 1 and the ang les  7rfij at  the v e r t i c e s  Aj wil l  be a s s u m e d  to sa t i s fy  the condi t ions  

AIAj+ * E C  2+~, 0 < r < t; 0 < .ill "-< t/2, I ~< ] ~< 4. I 

In the r eg ion  ~2 • I 0 we sha l l  c o n s i d e r  the  in i t i a l -va lue  p r o b l e m  fo r  two-d imens iona l  n o n s t a t i o n a r y  Euler  
equat ions  

v '  + v - v v  = --VP, div v = 0, (1.1) 
v [~=0 = Vo (x ) ,  v .  nJ~  = v (x,  t),  ' ~ l r ,  = O, 

where  v = (v 1, v 2) is the  ve loc i ty ;  p is the p r e s s u r e ;  and to = r o t  v is the vor t i c i ty .  We denote  the con t r ac t ion  of 
the funct ion y (x ,  t) on Fi by  y (i)(x, t) (i=O, 1, 2) and a s s u m e  that  the condi t ions  

v o ~ Ci(~),  divv o = O, O)o]r: : O; II 

7 (0) ~ 0, 7(~) > 0, 7(2) < 0; y 7 (x, t) d~ = 0, t > /0 ;  
r III  

7 ( ~ ) ~ O ( F ~ X  I o ) , i = t , 2 ; 7 ( x , O ) = v  0 . n , x ~ F \ r  s 

a r e  fulfi l led,  w h e r e  r = r o t  v0; d(r is an e lement  of length of an a r c  of  the bounda ry  F; and ~2 is the r eg ion  ~2 at 
the instant  t = 0. In addit ion,  we sha l l  a s s u m e  that  t he re  ex is t s  a vec to r  ~x ,  t) ~ O('~ • I0) such  that  u .  nlr = 
?(x. t), t .>/0, and T (x, t) u n i f o r m l y  tends to the funct ion Too (x) as  t --~ ~ ,  with the con t rac t ions  T (i) (x) o f ' t he  
funct ion T~(x) on Fi  (i =0,  1, 2) s a t i s fy ing  the condi t ions  

~ ) -  o, 5:~ ) ~ ~, ~,~) -<. - ~, 
IV 

7~ ) ~ C ~ (ri), i = 1, 2, 

w h e r e  r =cons t  > 0. 

Side by  s ide  with the p r o b l e m  (1.1), we shal l  a l so  cons ide r  the c o r r e s p o n d i n g  b o u n d a r y - v a l u e  p r o b l e m  fo r  
the s t a t i o n a r y  Eule r  equat ions  

v . v v  = - -hp ,  div v = O, 
v .  n [~ = w (x) ,  o~ It, : 0.  ( 1 . 2 )  

It is obvious  tha t  the potent ia l  f low u~(x) given by  the e x p r e s s i o n s  

rot u~ = 0, div u~ : 0, U~o'nlr = ?~(x), (1.3) 

t oge the r  with the p r e s s u r e  p.o(x) = c o n s t - ~ ( x ) / 2  is the solut ion of  the p r o b l e m  (1.2). This  solut ion is unique in 
the c l a s s  of funct ions in t roduced  in [3], fo r  which sup. [(o(x)l ~ sup 1~(x)Z. 

We shal l  f ind the  condi t ions  under  which the solut ion of  the  n o n s t a t i o n a r y  p r o b l e m  (1.1) tends ,  as  t ~ ~ ,  to 
the s t a t i o n a r y  potent ia l  f low u~(x).  

To so lve  this  p r o b l e m  we sha l l  f i r s t  indicate the condi t ions  under  w h i c h a n y  t r a j e c t o r y  of the  vec to r  f ield 
v(x, t), c o m m e n c i n g  at t =0 in the r eg ion  ft ,  l eaves  ~2 in a f ini te  t ime ,  while subsequen t ly  we shal l  use  the p r o p -  
e r t y  of  c o n s e r v a t i o n  of  v o r t i c i t y  a long the t r a j e c t o r i e s  of  the f ield v, a p r o p e r t y  which  is known for  the so lu t ions  
of  the p r o b l e m  (1.1). 
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In the  fo l lowing  we s h a l l  c o n s i d e r  on ly  v e c t o r  f i e l d s  which  s a t i s f y  the  cond i t ion  d iv  v = 0 .  Fo l lowing  the  
t e r m i n o l o g y  of [4J, we s h a l l  c a l l  any  such  v e c t o r  f ie ld  a flow. If  in a d d i t i o n  to  the  c o n d i t i o n d i v  v = 0 the  cond i t ion  v .  
nl F = 0 i s  fu l f i l l ed ,  then t h e  f i e ld  v i s  c a l l e d  a t a n g e n t i a l  f low.  W e  no te  tha t  t he  s o l u t i o n  v (x, t) o f  the  p r o b l e m  (1.1) i s  
c o n v e n i e n t l y  c o n s i d e r e d  a s  the  s u m  of  two f l ows :  v(x, t) =n(x ,  t) +w(x,  t ) ,  Where  u i s  a n o n s t a t i o n a r y  p o t e n t i a l  
f low g iven  b y  the  e x p r e s s i o n s  

r o t u  == 0, d i v u  = 0, u . n l r  ---- ~(x, t), (1.4) 

w h i l e  w is  a t a n g e n t i a l  v o r t i c a l  f low wh ich  for  t _ 0  is  t h e  so lu t ion  of  the  p r o b l e m  

rot w = (o(x, t), div w = O, w - n i t  = O, (1.5) 

w h e r e  ~ ( x ,  t) = r o t  v .  In v i ew of  the  a s s u m p t i o n s  m a d e  about  the  func t ions  T(x,  t) and  T~o(x), o b v i o u s l y  u 
CC~ • Io), u| ~C(-~), w i t h  

Ilu(z, t) - -  u| --,- 0, t ~  oo. (1,6) 

Be low,  unde r  the  v e c t o r s  t ~ ,  u, and  w we  s h a l l  u n d e r s t a n d  f lows  de f ined ,  r e s p e c t i v e l y ,  by  the  e x p r e s s i o n s  ( 1 . 3 ) -  

(1.5). 

. 

put  

T h e  E x i s t e n c e  o f  a G e n e r a l i z e d  S o l u t i o n  

We s h a l l  p r o v e  the  e x i s t e n c e  of  a so lu t ion  of the  p r o b l e m  (1.1) and  i n d i c a t e  s o m e  of  i t s  p r o p e r t i e s .  We 

q = ~ x (0, r ) ,  X = r • (0, T), X~ = r~ • (0, r ) ,  i = 0, t ,  2, 

w h e r e  T i s  a s u f f i c i e n t l y  l a r g e  p o s i t i v e  n u m b e r .  We deno te  by  V the  s p a c e  of t a n g e n t i a l  f lows v ~ Hx(Q); b y  H 
we deno te  the  c l o s u r e  of  e l e m e n t s  o f  t he  s p a c e  u in the  n o r m  H' (~).  We  a l s o  i n t r o d u c e  a s e t  ~ of  , t r i a l ,  func -  
t ions  q)(x, t) ~ Ct(Q), which  a r e  z e r o  on Z ~. and  f o r  t = T. 

Def in i t ion  2.1.  A flow ~ ' - - -u+w is  c a l l e d  the  g e n e r a l i z e d  so lu t i on  of  the  s y s t e m  (1.1), ff w ~ L~(0, T; V), 
w ' ~  L.2(O, T; H), r o t w  ~ L=(Q), v(x, 0) = v0 (x), and  for  any  func t ion  ~0 ~ (1) the  i n t e g r a l  i d e n t i t y  

F (v, ~) - -  ~ .! ~ot v ( 4  + ~ .  re)  a~ at + .f O,o (~) ~ (x, 0) ax = 0 r  1) 
q 

is  fu l f i l l ed .  

The  e x i s t e n c e  of  a s o l u t i o n  of  the  p r o b l e m  (1.1) can  b e  shown by  the  v a n i s h i n g  v i s c o s i t y  me thod .  F o r  th i s  
we a s s u m e  f i r s t  tha t  wo(z) ~ c~Co-), and  c o n s i d e r  the  i n i t i a l - v a l u e  p r o b l e m  for  the  N a v i e r  - S t o k e s  e qua t i ons ,  

wh ich  in t e r m s  of the  v a r i a b l e s  v ,  ca has  t h e  f o r m  

e)' + v.vea - -  vho) = O, rot v = (o, div v = O, 

e I~0  = e o  (x),  (0 Ix = 0, v .  n Iz --  Y (x, t). ( 2 . 2 )  

R e a s o n i n g  in the  s a m e  w a y  as  in [1] in the  c a s e  of a s m o o t h  r e g i o n ,  we  can  show tha t  fo r  e a c h  v > 0 the  p r o b l e m  
(2.2) has  a unique  s o l u t i o n  v v - u  + 'wv,  w h e r e  fo r  the  func t ions  w v , @v-= r o t  w v the  e s t i m a t e s  

It o)v tL=CO) ~< Me = ~ o)o (x)  ~c(5), 

~ w,  ~r.~(0.r;v ) < Mx, ~w;~,c0,r;m < Mz, 
r (2.3) 

v S ~ V ~ I]2'r dt ~ Ms 
O 

a r e  fu l f i l l ed .  
f a m i l y  of func t ions  w v ,  ~ u  we can  e x t r a c t  s e q u e n c e s  Wk---wv k, ~ k  ---~Vk, such  tha t  fo r  v k ~ 0  (k -*  oo) Wk --~w 
s t r o n g l y  in L2(Q), ~ k  ~r w e a k l y  in L ~ (Q), w i th  w ~L|  T; V), w ' ~  L~(0, T; H), rot w ---- (o. 

Let  a > 0 be  an a r b i t r a r y  s u f f i c i e n t l y  s m a l l  n u m b e r .  We denote  b y ( p a  a func t ion  f r o m  the  c l a s s  C z ~ ) ,  
which  is equa l  to  z e r o  in a ,  t he  n e i g h b o r h o o d  of the s e t  r3 ,  and equa l  to un i ty  o u t s i d e  2~ ,  the  n e i g h b o r h o o d  F 3. 
We m u l t i p l y  the  equa t ion  for  ~ k  b y  the p r o d u c t  q~aq~, w h e r e  r ~ ~ ,  and i n t e g r a t e  the  r e s u l t i n g  e x p r e s s i o n  b y  

p a r t s .  We have  

He re  t h e  c o n s t a n t s  Mj(j =0  . . . . .  3) do not  depend  on v. By v i r t u e  of the  e s t i m a t e s  (2.3) f r o m  the 

. S S v- .v (2.4) 
Q XeLJXt Q 
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The  second  t e r m  on the r i gh t  s ide  of (2.4), in v iew of the l a s t  e s t i m a t e  in (2.3), tends  to z e r o  as  V k ~ 0 .  The  
tending to z e r o  of the f i r s t  t e r m  as  v k--*0 can be  Shown with  the use  of L e m m a  4.1 of [1], which  is va l id  at  
r e g u l a r  points  of the b o u n d a r y  F. Going to the l imi t  in (2.4) as  ~k--" 0 (k -~  oo), we find that  the f low v - = u + w  
s a t i s f i e s  the in t eg ra l  ident i ty  

F (v, ~o~)~--- y ~ co [(p~(p' q- v .  V (%~0)] dxdt + .f coo (x) q~, (x) r (x, O) dx = O. 
Q fz 

(2.5)  

We sha l l  show that  the f low v s a t i s f i e s  the in tegra l  ident i ty  (2.1). F o r  this  it is suf f ic ien t  to show that  
the ident i ty  (2.5) r e m a i n s  va l id  if we  put a =0 in it. We c o n s i d e r  the d i f f e r e n c e  

F (v, (Pa(P) - -  F (v, qD) ~-- y S co ((P* - -  l) (q~' W v -  Vtp) dxdt -q- 
Q 

+ oI co0 (xl - 1) r (x, o) ax + corv.v     = o. (2.6) 

The  f i r s t  two t e r m s  in (2.6) obv ious ly  tend to z e r o  as  ~ ~ 0 .  We c o n s i d e r  the l a s t  t e r m  on the  r igh t  s ide  of  
(2.6). Tak ing  into account  the f ac t  tha t  Iw l and app ly ing  the  H S l d e r  inequal i ty ,  we  have  

l- T - i i / 2  r T T 

L ~U2a j L ~U~* 0vz. 

where U2~---U~.~(F 3) - 2 ~ ,  the neighborhood F s. In view of the properties of the functions w, r it follows f rom 
this  inequal i ty  tha t  the l a s t  t e r m  in (2.6) t ends  to z e r o  as  ~ ~ 0 .  This  m e a n s  that  v s a t i s f i e s  the  in t eg ra l  ident i ty  
(2.i) fo r  any  funct ion (p ~ (/) and consequen t ly ,  is the  g e n e r a l i z e d  so lu t ion  of the p r o b l e m  (1.1) in the s e n s e  of 
the Defini t ion 2.1. 

Thus ,  the e x i s t e n c e  of a so lu t ion  of the p r o b l e m  (1.1) is p roved  fo r  a s m o o t h  funct ion w0(x). In the g e n e r a l  
c a s e ,  when v0(x) ~ C1(-~) and,  consequen t ly ,  co0(x) ~ C!~), the  e x i s t e n c e  of a so lu t ion  of the p r o b l e m  (1.1) is 
p r o v e d  by  m e a n s  of an a p p r o x i m a t i o n  of the funct ion to0(x) by  a s equence  of su f f i c ien t ly  s m o o t h  funct ions  and 
s u b s e q u e n t l y  going to a l imi t .  

We sha l l  now e s t a b l i s h  c e r t a i n  p r o p e r t i e s  of  the  g e n e r a l i z e d  so lu t ion .  F i r s t  of  al l ,  i n v i e w  of  rot w E L~(Q) 
and the condi t ion I, we c a n s h o w ,  u s ing the  r e s u l t s  of[5] ,  that  VW ~ L~(0, T; Lq(~)) ,  w h e r e  q > 2 is an a r b i t r a r y  
n u m b e r .  F r o m  the Eu le r  equa t ions ,  jus t  as  in [1], we  find tha t  w'~Lq(Q) and, consequen t ly ,  by  e n c l o s u r e  
t h e o r e m s ,  tha t  w E C~ w h e r e  0 < 1 i s  an a r b i t r a r y  pos i t i ve  n u m b e r .  

In addi t ion,  a c c o r d i n g  to [5], the f low v ~ u q- w s a t i s f i e s  in the  ne ighborhood  U(x0, to) of  each  point  
(x0, to) E Q the  L ipseh i t z  quas icondi t ion  

]v(x, t) - -  v(y, t)l <~ Kolx - -  yJ(t + [ In lx - -  YI]), (2.7) 

w h e r e  (x, t) ,(y, t) E U(x0, to) a r e  a r b i t r a r y  points ;  K 0 is a cons tan t  tha t  does  not  depend on x, y, t .  The  cond i -  
t ion  (2.7), as  we  know, e n s u r e s  unique so lvab i l i t y  in a c e r t a i n  ne ighborhood  of the point  (x, t) of  the  p r o b l e m  

y' = v(y, w), Y l ~ = t  = x ,  (2.8) 

of the  so lu t ion  y = y ( x ,  t ,  "r), which  we sha l l  ca l l  t r a j e c t o r i e s  of the  f low v. Consequen t ly ,  t h rough  each  point  
(x, t) E Q t h e r e  p a s s e s  a s ing le  t r a j e c t o r y  of  the  f low v .  Us ing  the r e s u l t s  of the  t h e o r y  of  dynamic  s y s t e m s ,  
we can  show tha t  e ach  t r a j e c t o r y  of  the f low v beg in s  on ~21 U ~0 and ends on ~2 U ~T. H e r e  by  f~0 and f~T we 
have  denoted the lower  and uppe r  b a s e s  of  the cy l i nde r  Q. It  can  be  shown tha t  the  funct ion y(x,  t ,  T) is con -  
t inuous (accord ing  to H61der)  wi th  r e s p e c t  to x,  t and con t inuous ly  d i f f e r en t i ab l e  wi th  r e s p e c t  to "r e v e r y w h e r e  
in ~ • [Q, T]. 

We in t roduce  fo r  e a c h  point (x, t) ~ (ff the  funct ions  -r0(x , t) and Y0(X, t),  r e p r e s e n t i n g  t i m e  and the  point  of  
e n t r y  Of the t r a j e c t o r y  y(x,  t, "r) into the  r e g i o n  f~. R e a s o n i n g  in the s a m e  way  as  in [1] in the p roo f  of  L e m m a s  
6.1 and 6.2, we can  show tha t  x0, Yo ~ C(Q) and the  funct ion to - r o t  v has  the  r e p r e s e n t a t i o n  

/ O, xo (x, t) > O; 
CO (z, t) / coo (~o (z, t)), ~o (x, t) = o. ( 2 . 9 )  
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F r o m  (2.9) and the conditions II, in pa r t i cu l a r ,  it follows that  t0(x, t) ~ C(Q). As a r e su l t ,  we a r r i v e  at the fo l -  
lowing theo rem,  r e p -  

THEOREM 2.1~ Let  the conditions I -HI  be  fulfilled. Then the re  exis ts  a genera l i zed  solution:v(x, t) of 
the p r o b l e m  (1.1), with v ~ C~ 0 < 0 < i ,whi le  the function e-=-rot  v is continuous in Q and has the r e -  
r e sen ta t ion  (2.9). 

R e m a r k  2.1. If we a s s u m e  that the initial and boundary  functions a r e  suff ic ient ly  smooth ,  then, using 
(2.9) and the _me/th0ds of [1], we can  show that the genera l ized  solution indeed is c l a s s i ca l  and unique. 

We introduce the notation 

In the following the n u m b e r  X is cons idered  to be  a p a r a m e t e r  which v a r i e s  between the l imi t s  0 _<X_< 1. 

3 .  A s y m p t o t i c  P r o p e r t i e s  o f  t h e  T r a j e c t o r i e s  

We shal l  s tudy the a sympto t i c  p r o p e r t i e s  of the solutions of the p rob l em (2.8) which de te rmine  the t r a j e c -  
t o r i e s  y(x, t ,  7) of the flow v.  F r o m  the r e su l t s  of Secs. 1 and 2 it follows that  v =u +w, where  u is a solution of 
the p r o b l e m  (1.4), while w ~ Ce(--Q), with 

Here  K t is a ce r t a in  constant  depending on 0. 

We a g r e e  on .the following te rminology.  If at a ce r ta in  t ime  instant T1 ~ 0 yl ~ y(x, t, ~1) ~ F1 (or F2), then 
we shal l  say  that the t r a j e c t o r y  y(x, t, T) at the instant T 1 en ters  into the  region fl ( respec t ive ly ,  comes  out of 
9,), while the po in t  (Yl, 71) will  be  cal led the point of en t ry  (the point of exit) of the given t r a j e c t o r y  in re la t ion  
to the reg ion  ft. If  at al l  t ime  instants  7_>t the t r a j e c t o r y  y(x, t ,  7) is comple te ly  contained in the region 

U r0, then such a t r a j e c t o r y  is sa id  to be  asympto t ic  in ft. 

We shall  consider  in fl the autonomous s y s t e m  

x' = u~(x). (3.2) 

The solutions of the s y s t e m  (3.2) a r e  cal led,  as  we know, the s t r e a m l i n e s  of the vec tor  field u~(x) in the region 
~ .  Using the condition IV, we can show that at  al l  points of ~ ,  u~o ~ 0 [3]. Hence, it is e a sy  to conclude that 
through each point x ~ ~ t he r e  p a s s e s  a s ingle  s t r e a m l i n e ,  with each  s t r e a m l i n e  enter ing into ~ through the 
pa r t  l~t and coming out of ~2 through the pa r t  ~2. Since the s t r eaml ine s  coincide with the t r a j e c t o r i e s  of the 
flow uco, this  fact  s ignif ies  that  in the region ~2 t he r e  a r e  no asympto t ic  t r a j e c t o r i e s  of the flow u~o. An analo-  
gous fact  holds for  a nons ta t ionary  flow v(x, t) 

We denote by t o the value of the t ime  t,  s t a r t ing  f r o m  which the re la t ion  

I ? (x, t) - -  Wo (x) I ~ e/2, x ~ F1 U F2, t ~ t o 

is fulfilled; he re  s is the s a m e  as in IV. Such a value t o ex is t s  in view of the un i form convergence  of 7 to %0. 
Fo r  any se t  D, by  U 5 (D) we shal l  denote the neighborhood 6 o f t h e s e t  D r e l a t i v e  to ~ ,  i .e. ,  a se t  of points x ~ ~, 
sa t i s fy ing the condition dist  (x, D)<8.  We put g~  = ~ \ U +  (F1 U F:). 

LEMMA 3.1. T h e r e  exis t  n u m b e r s  ~ =~ (s and s =s (e )  such that in the region U s ( r  i) t he re  a r e  no a s y m p -  
tot ic t r a j e c t o r i e s  of the f low v for ~ ~ [0, 1 ], with any t r a j e c t o r y  f r o m  the initial  point in U6 (F i) • It 0 exiting 
f r o m  U6 (Fi) ( i = l ,  2) within a t ime  in terva l  At_<s. 

p r o o f .  We shall  f i r s t  cons ider  the pa r t  Fg. We shall  a s s u m e  for  the sake  of s impl ic i ty  that F 2 is a s eg -  
ment  of  the axis xg, the region ~ l ies  in the ha l f -p lane  x 1 < 0, and in a ce r t a in  neighborhood of the co rne r  points 
A 3 and A 4 the nonpene t rab le  pa r t s  of the boundary  1 ~ a r e  segments  of s t ra igh t  l ines.  If this is not so, then it is 
f i r s t  n e c e s s a r y  to map  a ce r t a in  neighborhood of F 2 r e l a t i ve  to ~ onto a region having a boundary of this type 
(for example ,  by means  of eonformal  mapping) and, subsequently,  c a r r y  out analogous cons idera t ions .  

According to the assumpt ion  just  introduced and in view of (1.4), (1.5) we have w 1IF2-  0, Ul]F2 = - 7  (x, t). 
F r o m  the p r o p e r t i e s  of the flow u and the re la t ions  (3.1) it follows that t he r e  exis ts  a neighborhood U8 ( r  2) 
such that  for  (x, t) ~ U+ (F2) • I~o I wx (x, t) ] ~ s/8, ul(x , t )_  s  and, consequently,  vl(x, t) -- ul(x , t) +w1(x , t)_> 
s  for  al l  [ ~ [0, 1 ]. We put s = 8 ~ / e .  Then, obviously,  a n y  t r a j e c t o r y  f r o m  the initial point in U6 (F 2) • It0 
goes out of U8 (F2) , and hence out of ~ a f te r  the t ime  At_<s. This ,  in pa r t i cu la r ,  s ignif ies  that in the region 
U6 (F 2) there  a r e  no asympto t ic  t r a j e c t o r i e s  of the flow v. 
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In a s i m i l a r  m a n n e r  we c o n s i d e r  the pa r t  r l ;  only  ins tead of the flow v h e r e  it is m o r e  convenient  to con -  
s i de r  the flow - v .  The  l e m m a  is proved.  

R e m a r k  3.1. F r o m  the p roof  o f  the l e m m a  we note  that  any t r a j e c t o r y  of  the flow v exi t ing f r o m  U s (F1), 
+enters into ~25, while  any t r a j e c t o r y  exi t ing f r o m  U 5 (I'2), a l so  goes out of  ~ .  

We now e luc ida te  the behav io r  of the t r a j e c t o r i e s  of the  flow v outs ide  the ne ighborhoods  of  the p a r t s  F l 
and F 2. We f i r s t  shal l  s tudy  the  p r o p e r t i e s  of  the t r a j e c t o r i e s  of  the potent ia l  f low u given by  the  s y s t e m  of 
equat ions  

z' ---- u(z, t). (3.3) 

The condi t ion  (1.6) s ign i f ies  that the s y s t e m  (3.3) r e l a t e s  to the c l a s s  of s o - c a l l e d  a s y m p t o t i c a l l y  au tonomous  
s y s t e m s ,  the p r o p e r t i e s  of  solut ions  of  which  a r e  c l o s e  to the  p r o p e r t i e s  of  the so lu t ions  of the au tonomous  
s y s t e m  (3.2) [6, 7]. In p a r t i c u l a r ,  we can  show that in the  r_egion ~2 t h e r e  a r e  no a s y m p t o t i c  t r a j e c t o r i e s  of the 
f low u and al l  t r a j e c t o r i e s  of  the flow u,  s t a r t i n g  at t =0 on ~, leave  0 a f te r  a f ini te  t i m e  too. 

Indeed,  fo r  the flow nee such  t i m e  exis t s  and is f inite.  We denote  it by  ~-~. We put Ks = ~vu~llc 0-~o~, 
:r = 8/4x~o exp (2K~x~), and let  t l_>t o be  the va lue  of  t i m e  s t a r t i n g  f r o m  which  Ilu(x, t) - -  u~(x)llc(~> < {~.0~e take  
in the r e g i 0 n ~ 5  an a r b i t r a r y  point x 1 and denote  by  x = x ( x  1, t i, 5") and z =z(xl ,  ti,  ~-) the  so lu t ions  of  the s y s t e m s  
(3.2), (3.3) s a t i s fy ing  the  init ial  condi t ion  

xl~=t, = z~+=t~ -- xi. 

The d i f f e rence  z - x is obv ious ly  the solut ion of the  p r o b l e m  

d (z - -  x) = u (Z, t) - -  u~ (z) § Uor (z) --  u~ (x), (3.4) 

( z -  z)  [~=t, = 0. 

Scalar  multiplyLng (3.4) by  y - z and a s s u m i n g  that  x, z ~ ~+/z, we obtain  

~-~i-lz-- xl<~ 2K~lz 2- xl + 2• 

Hence,  applying the l e m m a  of Gronwel l ,  we deduce  that  at  the ins tant  t~. of exit of  the t r a j e c t o r y  x(xl,  t l ,  r 
f r o m  ~ / 2  we have 

l z (x .  tl, t~) - -  z(z~, ti, t~)l < 8/2, 

and, consequently,  z ( x .  t .  t~) ~ U+ (r~). Since x I is an a r b i t r a r y  point, then, applying Lemma 3.1, which obvi- 
ously is val id  f o r  the  f low , ,  we a r r i v e  at  the sought  r e su l t .  In the r o l e  of  the t ime  t~  we can take  the  quant i ty  
ti +r +2s .  We f o r m u l a t e  the r e s u l t s  thus obta ined in the f o r m  of a l emma .  

LEMMA 3.2. T h e r e  exis ts  a n u m b e r  t~o such  tha t  any t r a j e c t o r y  of  the flow ! f r o m  the  ini t ial  point in 
• I 0 goes  out of ~2 a f te r  a t ime  in te rva l  ~ t_<t~.  

Using L e m m a  3.2,  we obtain , n a l o g o u s  r e s u l t s  fo r  the flow v. In fact ,  we put K3 - sup I]vu]Ic(fi~/2 ), }to= 
0~<t<oo 

6/4Kltcoexp(2Kstoo). Then r e a s o n i n g  in the s a m e  way  as in the p roof  of  the s t a t emen t  of L e m m a  3.2, we a r i ' i ve  
a t  the fol lowing r e su l t .  

LEMMA 3.3. T h e r e  exis t  n u m b e r s  X0> 0 and S such  that  fo r  a l l  ~, ~ [0, ~.o] anY t r a j e c t o r y  of  the flow v 
f r o m  the init ial  point in ~2"-~ • It0 goes  out of ~26 into the r eg ion  U s (r2) a f te r  a t i m e  in te rva l  At _< S. 

We put Too = t 0 + 2 s  +S. Then f r o m  L e m m a s  3.1 and 3.3 in an obvious  m , n n e r  we have the fol lowing 
t h e o r e m .  

T H E O R E M  3.1. Let  the Conditions (1.6), (3.1) be fulfi l led.  Then t h e r e  exis t  n u m b e r s  ~0 and T,o such  that  
for  al l  ~.~ [0, X01 in the r eg ion  ~2 t h e r e  a r e  no a s y m p t o t i c  t r a j e c t o r i e s  of the  flow v, with any  t r a j e c t o r y  o f  the 
f low v c o m m e n c i n g  at t = 0 on ~2, going out of ~ at  the ins tan t  t-< Too. 

F r o m  T h e o r e m s  2.1 and 3.1 fol lows the bas i c  t h e o r e m .  

THEOREM 3.2. Let  the condi t ions  I - IV be  fulf i l led.  Then t h e r e  ex is t  n u m b e r s  A 0 > 0 and Too such  that  
fo r  al l  ~ , ~  [0, ~,0] and t_>T~ ro t  v - 0  and, consequen t ly ,  v(x, t) - re(x, t). 

T h e o r e m  3.2 has two obvious  c o r o l l a r i e s .  

COROLLARY 1. ( T h e o r e m  of Settling), Under  the condi t ions  of T h e o r e m  3.2 the solut ion o f  the p r o b l e m  
(1.1) fo r  al l  ~. ~ [0, ~.0] u n i f o r m l y  tends ,  fo r  t -+ ~ ,  to the potent ia l  f low u~o(x) as  the on ly  solut ion of the c o r r e -  
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spending s ta t ionary  p rob lem (1.2). In addition, if "y(x, t ) =  %o(X) for  t_> T,o, then the solution of the prob lem (1.1) 
�9 se t t les  re la t ive  to the solution of t h e p r o b l e m  (1.2) af ter  a finite t ime Too. 

; i  

COROLLARY 2. (Theorem on Asymptot ic  Stability of a Potential  Flow}. Under the conditions of T h e o r e m  
3.2 the potential  flow t~(x) is asymptot ical ly  stable re la t ive  to smal l  pe r tu r t~ t ions  which a r e  potential at the 
ent ry  of the region.  

The author exp re s se s  his grat i tude to A. V. Kazhikhov for the valuable observat ions  during the appraisa l  
of the resu l t s  of the investigation. 
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I N C L I N A T I O N  A N G L E S  

L I Q U I D  L A Y E R S  

O. V. V o i n o v  

OF T HE B O U N D A R Y  IN M O V I N G  

UDC 541.24 : 532.5 

In this paper c reeping  flows in thin l ayers  of a viscous liquid a re  discussed with the capi l lary  fo rces  
taken into account, and solutions descr ibing the inclination angles of the boundary a r e  found. The contact angle 
of a liquid on a solid sur face  in the s tat ic  s ta te  is expressed  in t e rms  of the specif ic  sur face  energies .  Upon 
movement of the liquid the contact  angle (dynamic} differs  f r o m  the s ta t ic  value. A v e r y  thin , ,precursor"  f i lm 
can be observed  in f ront  of the liquid mass  which is spreading over  the solid sur face  [1, 2]. The re  a re  indica- 
t ions to the effect  that the value of the dynamic contact  angle depends on the viscous fo rces  [3]. 

1. Established Flow of a Liquid Layer  over  a Dry Surface and the Contact Angles.. The p r e s s u r e  p inside 
a thin 'liquid layer  on a flat solid sur face  differs  f r o m  the p r e s s u r e  P0 in the gas by the amount of the capi l la ry  
differential  p=p0-o '82h/SxZ (or is the su r face  tension coefficient;  x is the coordinate  along the layer ;  and h is 
the thickness of the layer) .  

The equation of motion of the layer  in the case  of smal l  lqeynolds numbers  under the action of capi l la ry  
forces  can be wri t ten with the help of the hydrodynamical  theory  of lubricat ion as  

Non-s teady-s ta te  solutions of this equation a r e  investigated in the l inear  approximation in [4]. Let us con- 
s ider  s t eady-s ta te  solutions in the nonlinear  formulation.  For  a s teady-s ta te  wave 
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